The main result of this paper is that if R is a sufficiently nice local chain Differential Graded algebra with amp R < ∞, then each compact Differential Graded R-module M with non-zero homology satisfies amp M ≥ amp R. 
Introduction
In [7] , Iversen proved a number of so-called amplitude inequalities for complexes of modules over local rings. Building on his results, this paper will show an amplitude inequality for Differential Graded (DG) modules over local chain DG algebras.
Setup 0.1. Throughout, A is a local commutative noetherian ring, and
is a DG algebra over A, concentrated in non-negative homological degrees, for which each H i (R) is a finitely generated A-module.
The canonical ring homomorphism A → H 0 (R) will be assumed to be surjective.
The derived category of DG left-R-modules will be denoted by D(R). Recall that D(R) is a triangulated category which has the full subcategory D c (R) of compact DG modules. A DG module is compact if it can be built from R using finitely many distinguished triangles, (de)suspensions, direct sums, and direct summands.
The supremum and the infimum of a DG module M are defined by
and the amplitude of M is
The main result of this paper is the following.
Of equal significance is perhaps the following consequence: If amp R ≥ 1, that is, if R is a true DG algebra in the sense that it is not quasi-isomorphic to a ring, then a DG module with amplitude zero cannot be compact. However, H 0 (R) viewed as a DG module has amplitude zero, so if amp R ≥ 1, then there are DG modules with finitely generated homology over H 0 (R) which are not compact. Hence, in contrast to ring theory, it appears to make no sense to define finite global dimension of DG algebras by the condition that each DG module with finitely generated homology must be compact.
Theorem 0.2 is specific to the finite amplitude case: Let K be a field and consider the polynomial algebra K[X ] as a DG algebra where X is placed in homological degree 1 and where the differential is zero. Then K is a compact DG K[X ]-module, but amp K = 0 and amp
and the theorem fails.
The paper is organized as follows. Section 1 explains the notation and terminology. Section 2 proves a number of homological estimates. Section 3 proves the above theorem which arises as the special case X = R of the inequality amp X L ⊗ R L ≥ amp X which is proved when X and L are non-zero objects in D fg b (R o ) and D c (R) (the notation is explained in Section 1).
After the preprint version of this paper was published online, amplitude inequalities were also found for DG modules over cochain DG algebras. This was done for the simply connected case in [11] and later, by different methods, in [6] , and more generally for the connected case in [9] .
Background
This section explains some of the notation and terminology of the paper.
Any ring can be viewed as a trivial DG algebra concentrated in degree zero. A DG module over such a DG algebra is just a complex of modules over the ring in question. Also, an ordinary module over a ring can be viewed as a complex concentrated in degree zero, and hence as a DG module over the ring viewed as a DG algebra.
The opposite DG algebra of R is denoted R o . The product of R o is defined in terms of the product of R by r · s = (−1) |r||s| sr. DG left-R o -modules will be identified with DG right-R-modules, and D(R o ), the derived category of DG left-R o -modules, will be identified with the derived category of DG right-R-modules.
The local ring A surjects onto H 0 (R) which is hence also local. The common residue class field of the rings will be denoted by k; since it is an H 0 (R)-module, it can also be viewed as a DG R-module. For M in D(R), the k-projective dimension is defined by 
Homological estimates
This section provides some estimates which will be used as input for Section 3.
Proof. The lemma can be proved by a small variation of a well-known proof of the Auslander-Buchsbaum Theorem, as given for instance in [8, Thm. 3.2] . Let me indicate how to proceed in the present case.
If H(L) ∼ = 0 then the lemma trivially says
Since L is finitely built from R in D(R), there is an isomorphism
The DG module RHom A (k, X ) has a quasi-isomorphic truncation T concentrated in homological degrees ≤ sup RHom A (k, X ); see [5, (0.4) ]. Let L have minimal semi-free resolution F; see [5, (0.5) ]. Then
and the lemma amounts to
Forgetting the differentials of R and F gives the underlying graded algebra R and the underlying graded module F , and [5, (0.5)] says that
The right hand side is just a collection of copies of T moved around by Σ i , so since T and hence T is concentrated in homological degrees ≤ sup RHom A (k, X ), the right hand side and therefore the left hand side is concentrated in homological degrees
, it is possible also to establish the opposite inequality, and this proves Equation (1) and hence the lemma. 
In the following lemma, H 0 (R) is viewed as a DG left-H 0 (R)-right-R-module; in a frequently employed notation, it is
where the second equation is by adjunction and the last equation is by definition. 
Consequently, if H(X )
Note that the assumption in [7] that the ring is equicharacteristic is unnecessary: The assumption is only used to ensure that the so-called New Intersection Theorem is valid, and this was later proved for all local noetherian commutative rings in [10, Thm. 1].
The lemma can now be proved as follows,
where (a) is by Lemma 2.2, (b) is Equation (2) 
Amplitude inequalities
Theorem 0.2 is the special case X = R of the following amplitude inequality for DG modules.
Proof. By the definition of amplitude and by Lemma 2.3, the theorem is equivalent to
for the top homology of X . To prove the theorem, consider first the special case where Next the general case which will be reduced to the above special case by localization.
and set
It is not hard to check that Setup 0.1 applies to R over A p , that X is in D It is easy to see that
The support of each of these modules in A p is either empty or equal to the maximal ideal p p since p was chosen minimal in the set (4) , and each of the modules is finitely generated over A p because each H i (M L ⊗ R L) is finitely generated over H 0 (R) and hence over A. So it follows that Kdim A p H i M L ⊗ R L ≤ 0 for each i. Hence the above special case of the theorem applies to X and L over R, so
proving Equation (3). Here (e) holds by a formula like (6) with X instead of M , (f) is by the special case of the theorem, and (g) is by Equation (5) .
